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We perform a first calculation for the unpolarized parton distribution function of the ∆+ baryon
using lattice QCD simulations within the framework of Large Momentum Effective Theory. Two
ensembles of Nf = 2 + 1 + 1 twisted mass fermions are utilized with a pion mass of 270 MeV and
360 MeV, respectively. The baryon, which is treated as a stable single-particle state, is boosted with
momentum P3 with values {0.42, 0.83, 1.25} GeV, and we utilize momentum smearing to improve
the signal. The unpolarized parton distribution function of ∆+ is obtained using a non-perturbative
renormalization and a one-loop formula for the matching, with encouraging precision. In particular,
we compute the d(x)− u(x) asymmetry and compare it with the same quantity in the nucleon, in a
first attempt towards resolving the physical mechanism responsible for generating such asymmetry.
I. INTRODUCTION
Quantum Chromodynamics (QCD) is established as the fundamental theory which describes the strong interaction
among quarks and gluons, the basic constituents of all hadronic matter. As such, it is valid in a wide range of energy
scales, from the hadronic regime, where non-perturbative effects dominate, to high energy, where perturbation theory
is applicable. Thus, an appropriate formulation is necessary to address the highly non-perturbative dynamics of QCD
at low energies. Lattice QCD is an ideal non-perturbative tool, which relies on a space-time discretization in Euclidean
space, and is successfully used to describe the properties of fundamental particles.
A prime example of very important non-perturbative physical quantities are the parton distribution functions
(PDFs). They encode important information on the internal structure of hadrons, such as the distribution of the
spin and momentum of the parent hadron among its constituents. In principle, lattice QCD provides a systematically
improvable theoretical framework for extracting the PDFs from first principles. However, since PDFs are defined
on the light cone, a direct computation of these objects on a Euclidean lattice remained elusive for many years.
Still, there has been a large and successful activity of the lattice QCD community to compute Mellin moments of
PDFs. If a large number of the Mellin moments were available, they could, in principle, be used to reconstruct the
PDFs. However, this seems to be unreachable from lattice calculations, since the statistical noise of higher moments
is increasing rapidly and power-divergent operator mixings would have to be taken into account for the fourth and
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2higher moments. Thus, lattice computations of the Mellin moments have been restricted mostly to the first or second
moment only. For recent works of the Extended Twisted Mass Collaboration for computing nucleon form factors,
moments of the proton and pion and nucleon charges, see e.g. Refs. [1–6].
More recent efforts focus on alternative methods to access PDFs, starting from the pioneering proposal of X. Ji,
which is based on the Large Momentum Effective Theory (LaMET) [7, 8]. In this approach, instead of calculating the
light-cone quark correlations in a hadron, one computes matrix elements with quarks separated by a space-like distance
within a boosted hadron, with such computation being feasible within the scope of lattice QCD. Applying a Fourier
transform on these spatial matrix elements yields, after a suitable non-perturbative renormalization, the so-called
quasi-PDFs, which share the same infrared physics as the light-cone PDFs [9–12]. Because of the equivalence in the
infrared region, the quasi-PDFs can be matched to light-cone PDFs using perturbation theory, and their difference is
suppressed for large enough momentum boost of the hadron. Currently, the matching is known to one-loop level and
is valid up to power-suppressed O(M2/P 23 ,Λ
2
QCD/P
2
3 ) corrections, where M and P3 are the mass and momentum of
the boosted hadron. The hadron mass corrections are known to all orders in M2/P 23 [13]; the higher-twist corrections
have not been calculated yet. Besides quasi-PDFs, other theoretical proposals to calculate PDFs in lattice QCD have
been proposed and explored [10, 12, 14? –30], which are complementary to the LaMET approach.
Since Ji’s proposal, considerable progress has been made. Several numerical investigations have been performed,
see e.g. Refs. [13, 31? –43]. Theoretical progress encompassed, in particular, proving the renormalizability of quasi-
PDFs [44–47], developing their non-perturbative renormalization programme [48, 49] and calculating the one-loop
matching coefficient [9, 10, 12, 38, 40, 42, 50–55]. For an extensive summary of different activities related to the
quasi-distribution approach, as well as other approaches, see the review in Ref. [56].
Although these developments show the success and promising potential of the LaMET approach to deliver PDFs
computed from first principles, the analyses of systematic effects, e.g. in Ref. [57], demonstrate that substantial
amount of work still has to be performed to reach controlled results on a quantitative level. In particular, the
presently reachable accuracy prevents addressing the important physical problem of understanding the sign and size
of the antiquark asymmetry for light quarks in the nucleon sea, d(x) − u(x), from a first-principle lattice QCD
calculation of PDFs. Such a computation would constitute a major step forward to our understanding of the quark
structure of the proton. Since this may become very difficult to achieve, given the limits that current lattice QCD
calculation of PDFs have, an alternative way to test the origin of the asymmetry is to study the quark structure of
the ∆+ baryon, as proposed in Ref. [58].
As in the case of the proton, the ∆+ baryon can oscillate into Npi and ∆pi. However, in contrast to the proton
and for kinematical reasons, there is a strong enhancement of the light quark asymmetry in the ∆+, even if the ∆+
is treated as a stable state [58]. In particular, the predicted asymmetry in the ∆+ is significantly larger, by about
a factor of 2, than the asymmetry in the proton when the pion mass is only slightly larger than the mass difference
between the Delta and the nucleon. The main motivation of our work originates from the role of spontaneous chiral
3symmetry breaking in QCD to produce this asymmetry as an excess of d¯ over u¯, as discussed in Refs. [59, 60]. While
it would be very hard to test this idea in fully physical conditions, where the ∆ would be a resonance, in Ref. [58]
an unphysical setup with the ∆ being stable was provided which still allows to investigate the scenario that chiral
symmetry breaking is responsible for the light quark asymmetry in the ∆ sea. In particular, the setup of Ref. [58] can
be used as a laboratory employing heavier than physical pion masses and in this paper, we will make use of this idea
by working at pion masses of 270MeV and 360MeV as well as in a kinematical regime where the ∆ can be considered
a stable baryon.
It is the goal of this work to provide a very first lattice QCD study of the PDFs of the ∆ baryon, with two ensembles
leading to m∆ = 1.59(4), 1.42(5) GeV. Since the ∆ baryon is heavier than the proton, it can be expected that the
signal-to-noise problem is significantly enhanced. We show, however, that it is still possible to obtain PDFs in the
∆ baryon with a good precision. The structure and quark content of the ∆(1232) baryon is presently not accessible
experimentally. Lattice QCD is the only available framework to provide information on the resonance properties of the
∆ baryon, using different techniques than for the nucleon, such as a full finite-volume multi-particle formalism [? ? ].
Therefore, one can access information not only on the quark content of the ∆, but also to evaluate its electromagnetic
and axial form factors, as well as the ∆-nucleon transition form factors. It is also an ideal formulation to study the
unphysical case of a stable ∆ baryon, as done in other theoretical studies, e.g., in Ref. [58], which is the main scope
in this work.
II. THEORETICAL SETUP
The unpolarized PDF, denoted by q(x), is defined on the light cone as [61]
q(x) =
∫ +∞
−∞
dξ−
4pi
e−ixP
+ξ− 〈h ∣∣ψ (0) γ+W (0, ξ−)ψ(ξ−)∣∣h〉 , (1)
where the light-cone vectors are taken as ξ± =
(
ξ0 ± ξ3) /√2. W (0, ξ−) = e−ig ∫ ξ−0 dη−A+(η−) is the Wilson line
ensuring gauge invariance and x is the momentum fraction carried by the quarks in the hadron. The plus component
of the momentum P+ is
(
P 0 + P 3
)
/
√
2 and |h〉 the hadron state of interest. Deep inelastic scattering physics is
light-cone dominated, meaning that ξ2 = t2 − ~r2 ≈ 0 in Minkowskian space. However, this condition is satisfied by
only one single point (the origin) in Euclidean spacetime, making a direct extraction of PDFs impossible from lattice
QCD using the definition in Eq. (1). Inspired by an equivalence between light-cone frame where the hadron is at rest
and the infinite momentum frame (IMF), where the hadron is moving with infinite momentum, the quasi-distribution
approach proposes to extract PDFs from purely spatial correlation functions of as highly as possible boosted hadrons.
Quasi-PDFs are then defined by
q˜ (x, P3, µ) =
∫ +∞
−∞
dz
4pi
e−ixP3z〈h(P3)|ψ(0)ΓW (0, z)ψ(z)|h(P3)〉, (2)
4where |h(P3)〉 is the boosted hadron state with four-momentum P = (E, 0, 0, P3), and W (0, z) is the Wilson line along
the boosted direction, usually taken to be the z direction on the lattice. The scale µ is the energy scale at which
renormalization is done. The Dirac structure, indicated by Γ, defines the type of PDF of interest. For the unpolarized
PDF, Γ is chosen to be γ0 to avoid operator mixing for Wilson-type fermions [62].
Since the infrared physics is the same for quasi-PDFs and light-cone PDFs and the difference is only in the ultraviolet
region [10, 12], the difference between the distributions can be computed in perturbation theory and quasi-PDFs are
related to light-cone PDFs by the following matching equation
q˜ (x, P3, µ) =
∫ 1
−1
dy
|y|C
(
x
y
,
µ
yP3
)
q(y, µ) +O
(
M2
P 23
,
Λ2QCD
P 23
)
, (3)
within LaMET [8]. In Eq. (3), q(y, µ) is the light-cone PDF at the scale µ and C
(
x
y ,
µ
yP3
)
is the matching kernel,
evaluated so far to one-loop level in perturbation theory. To observe convergence to light-cone PDFs, it is not known
a priori how large the hadron boost must be in actual lattice computations. In fact, the largest achievable momentum
remains limited by the exponential growth of the noise-to-signal ratio of the correlation functions and it cannot exceed
the inverse of the lattice spacing, to avoid enhanced cutoff effects.
III. LATTICE DETAILS
The lattice computation is performed using two ensembles of gauge field configurations generated by the Extended
Twisted Mass Collaboration (ETMC). The configurations were produced [63] with twisted mass fermions [64, 65]
including a clover term [66] and Iwasaki gluons [67]. For both ensembles, the lattice spacing is a ≈ 0.093 fm and they
differ in the physical box size and the pion mass. The details of simulation parameters are shown in Tab. I.
β = 1.726 csw = 1.74 a = 0.093 fm
243 × 48 aµ=0.0053 mN=1.21(2) GeV
L=2.2 fm mpi=0.360 GeV m∆=1.59(4) GeV
323 × 64 aµ=0.003 mN=1.08(3) GeV
L=3.0 fm mpi=0.270 GeV m∆=1.42(5) GeV
TABLE I: Simulation parameters for the two ensembles of used gauge field configurations.
To evaluate the isovector u− d unpolarized quasi-PDFs of the ∆+ baryon, we compute the matrix elements given
by
h(P3, z) =
〈
h(P3)
∣∣ψ(0)γ0W (0, z)ψ(z)∣∣h(P3)〉 , (4)
where W (0, z) is a straight Wilson line with length typically varying from zero up to half of the lattice extension
and γ0 is the Dirac structure that offers a faster convergence to the unpolarized light-cone PDF [18], preventing also
5mixing with other operators [62]. In order to extract the matrix element of Eq. (4) in lattice QCD, we need the
evaluation of two- and three-point correlation functions, given by
C2ptσρ (P; P; ts) = Pαβ
∑
xs
e−iP·xs
〈
0
∣∣Jσα(ts,xs)J ρβ(0,0)∣∣ 0〉 , (5)
C3ptσ0ρ
(
P˜; P; ts, tins; z
)
= P˜αβ
∑
xs,xins
e−iP·xs
〈
0
∣∣Jσα (ts,xs)O(tins,xins; z)J ρβ(0,0)∣∣ 0〉 , (6)
where x = (0,0) is the position at which the ∆+ is created (source), xs = (ts,xs) the lattice point at which the ∆
+
is annihilated (sink) and xins = (tins,xins) indicates the lattice site at which the extended operator O, of the form
O(tins,xins; z) = ψ(tins,xins)γ0Wz(xins, zins + zeˆz)ψ(tins,xins + zeˆz) (7)
couples to the quark fields. In Eqs. (5)-(6), P and P˜ denote the parity projectors used for two- and three-point
functions, respectively, here taken to be the same and equal to the positive parity projector Γ = 1+γ
0
4 . For the
interpolating field of ∆+, we use
Jσα(x) = 1√
3
abc
[
2
(
ua
T
(x)Cγσd
b(x)
)
ucα(x) +
(
ua
T
(x)Cγσu
b(x)
)
dcα(x)
]
, (8)
with C = γ0γ2 being the charge conjugation matrix. The index σ describes the polarization of the ∆+ baryon. This
operator not only creates the ∆ baryon with spin 3/2 from the QCD vacuum, but also spin-1/2 states which can be
viewed as excited-state contamination. Previous works have shown that the contamination is negligible [68].
The three-point function can also be written as
C3ptσ0τ
(
P˜; P; ts, tins; z
)
=
M2
E2
|Z|2e−Etsh (P3, z) tr
[
P˜αβΛσσ′γ0δσ′τ ′Λτ ′τ
]
+ · · · (9)
where M is the ∆ mass and E =
√
M2 + P2 is its energy. Λ is the summation of spinor in Euclidean space,
Λστ =
3
2∑
s=− 32
u∆σ (p, s)u
∆
τ (p, s)
= −−ip+M
2M
(
δστ − γσγτ
3
− 2pσpτ
3M2
− ipσγτ − pτγσ
3M
)
,
(10)
where u∆σ (p, s) and u
∆
τ (p, s) are the spinors for the ∆ field and p = (iE,P) is the Euclidean four-momentum.
To extract the desired matrix elements of Eq. (4), we form ratios of three- over two-point functions, and seek for
the region where the ratios are independent of the insertion time of the operator. For sufficiently large source-sink
time separation and insertion time relative to the source, the plateau average identifies the matrix elements on the
ground state. This approach, often known as plateau method and used throughout this work, allows to extract the
matrix elements as
h (P, z)
1tinsts=
∑3
σ=1 C
3pt
σ0σ
(
P˜; P; ts, tins; z
)
∑3
σ=1 C
2pt
σσ (P; P; ts)
. (11)
6To increase the overlap of the interpolating field of Eq. (8) with the ground state of the boosted ∆+ baryon, we
apply the momentum smearing technique [69] on the quark fields. Our implementation of the smearing function reads
Smom =
1
1 + 6α
(
ψ(x) + α
∑
j
Uj(x)e
−iξP ·jˆψ(x+ jˆ)
)
, (12)
where α is the Gaussian smearing [70, 71] parameter, Uj the APE-smeared [72] gauge links along the direction j of the
momentum and ξ is a parameter that needs to be optimized to minimize the noise-to-signal ratio on the correlation
functions. The parameters employed for the Gaussian and APE-smearing have been, in turn, tuned to improve the
quality of the signal and obtain a smooth smearing function.
In Fig. 1, we show the effective energies from momentum-smeared two-point functions for different values of ξ, for
the 270 MeV pion mass ensemble at the largest of our boosts, P3 = 6pi/L. The statistical errors are reduced by a
large ts-dependent factor with respect to ξ = 0 when using any of the three non-zero values of ξ shown in the plot.
The values of ξ = 0.4 and ξ = 0.6 lead to smallest and comparable errors at source-sink separations relevant to the
evaluation of matrix elements.
2 4 6 8 10 12
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FIG. 1: Effective energies of the ∆ baryon boosted to P3 = 6pi/L (270 MeV pion mass ensemble) for different values of ξ.
IV. RENORMALIZATION PROCEDURE
To renormalize the bare matrix elements discussed in the previous sections, we use the non-perturbative procedure
developed in Ref. [48]. The latter uses the renormalization pattern found in the perturbative calculation of non-
local fermion operators for a Wilson-type lattice formulation [62]. The proposed prescription eliminates, at once,
all divergences, including the power-law divergence due to the presence of the Wilson line for specific regularization
schemes [73, 74], including the lattice. In general, such a complete renormalization procedure is necessary before
taking the continuum limit and comparing it with phenomenological and experimental data, if available.
Here, we briefly outline the renormalization program, which follows the procedure employed for nucleon quasi-PDFs,
described in detail in Ref. [57]. The non-perturbative procedure relies on an RI′-scheme [75], which is generalized for
7operators including a Wilson line. The renormalization function for the unpolarized PDFs, ZV0, is extracted using
the temporal direction for the Dirac matrix, as we do for the matrix elements. This choice is necessary to avoid the
mixing between operators for the unpolarized case in which the Dirac matrix is in the same direction as the Wilson
line [76]. In the absence of mixing, the RI′-scheme condition is given by
ZRIV0(z, µ0,mpi)
ZRIq (µ0,mpi)
1
12
Tr
[
V(z, p,mpi)
(VBorn(z, p))−1]∣∣∣
p2=µ20
=1 , (13)
where Zq is the renormalization function of the quark field, obtained from
ZRIq (µ0,mpi)
1
12
Tr
[
(S(p,mpi))
−1 SBorn(p)
]∣∣∣
p2=µ20
= 1 . (14)
Both ZV0 and Zq are scheme and scale dependent
1, and are expected to have some dependence on the pion mass.
V is the amputated vertex function of the operator and S the fermion propagator, while VBorn and SBorn are the
corresponding tree-level values. The condition of Eq. (13) is applied for each value of z. The RI′ renormalization
scale, µ0, is chosen to have equal spatial directions,
aµ0 = 2pi
(
nt + 1/2
Lt
,
n
Ls
,
n
Ls
,
n
Ls
)
, (15)
where Ls (Lt) is the spatial (temporal) extent of the lattice. We choose the integers nt and n such that the ratio
P4≡∑i µ4i /(∑i µ2i )2 is close to or at its minimum value of 1/4. One of the benefits of this choice is the reduction
of the Lorentz non-invariant contributions [76, 77]. In our calculation, we use the combinations of nt ∈ [3 − 9] and
n ∈ [2− 4] that satisfy P4≡∑i µ4i /(∑i µ2i )2 < 0.28 and (aµ0)2 ∈ [1− 5] (a total of 12 scales).
As in our previous work for the nucleon quasi-PDFs, we employ the momentum source method [77, 78] that offers
high statistical accuracy. We produce the vertex functions on five Nf = 4 ensembles given in Tab. II, which differ only
in the pion mass. The gauge configurations used here were produced for renormalization functions, and correspond
to the same β value as the Nf = 2 + 1 + 1 ensemble used for the matrix elements. The necessity of degenerate up,
down, strange and charm quark is to allow one to take a proper chiral extrapolation.
β = 1.726, cSW = 1.74, a = 0.093 fm
243 × 48 aµ = 0.0060 mpi = 357.84 MeV
243 × 48 aµ = 0.0080 mpi = 408.11 MeV
243 × 48 aµ = 0.0100 mpi = 453.48 MeV
243 × 48 aµ = 0.0115 mpi = 488.41 MeV
243 × 48 aµ = 0.0130 mpi = 518.02 MeV
TABLE II: Parameters of the Nf = 4 ensembles used for the calculation and chiral extrapolation of ZV0.
1 Note that ZV0 for z = 0 reduces to the renormalization function of the local vector current, which is scheme and scale independent.
8Using the above ensembles we apply a chiral extrapolation on the real and imaginary parts, of the form
ZRIV0(z, µ0,mpi) = Z
RI
V0,0(z, µ0) +m
2
pi Z
RI
V0,1(z, µ0) , (16)
where ZRIV0,0(z, µ0) is the desired chiral-limit value, which is calculated on each RI
′ renormalization scale. As in
Ref. [57], we find that ZV0 has negligible dependence on the pion mass for small values of z (Z
RI
V0,1(z, µ0) ∼ 0), which
becomes linear in m2pi as z increases (typically z/a ≥ 5).
The conversion to the MS and evolution to 2 GeV follows the chiral extrapolation. This procedure relies on
the results obtained in one-loop perturbation theory using dimensional regularization [62]. Higher-loop results are
currently not available because of the difficulty of isolating the IR and UV divergences. A discussion on the truncation
effects due to the conversion factor can be found in Ref. [57]. The MS-scheme estimates are then converted to the
modified MS scheme (MMS), for which the corresponding matching formula satisfies particle number conservation [57].
The final results for ZV0 in the MMS-scheme evolved to 2 GeV have residual dependence on the initial renormal-
ization scale µ0. To eliminate the unwanted dependence on µ0, we extract ZV0 for all values of (aµ)
2 ∈ [1 − 5] and
perform a fit of the form
ZMMSV0 (z, µ¯, µ0) = ZMMSV0 (z, µ¯) + (aµ0)2 ζMMSV0 (z, µ¯) . (17)
The desired quantity is the fit parameter ZMMSV0 (z, µ¯). In Fig. 2, we show ZMMSV0 (z, µ¯) as a function of the initial
scale (aµ0)
2. For simplicity, we choose representative values of the length of the Wilson line, namely z/a = 1 and
z/a = 3. We find that the imaginary part has a stronger dependence on the µ0 value, similarly to our previous
work for the nucleon quasi-PDFs. Such dependence has a small effect on the renormalized matrix elements, as the
values of the imaginary part are sub-leading compared to the real part. Note that sizable discretization effects are
found in several calculations of renormalization functions, even for local operators. To suppress this effect, we employ
a procedure of subtracting finite-a contributions using one-loop perturbation theory, which is very successful for
local operators [76, 77, 79]. Here we partly improve our estimates by removing the artifacts from Zq [77], using the
procedure outlined in Ref. [57].
One important aspect of the fit given in Eq. (17) is the choice of the optimal fit region for (aµ0)
2. The latter has
to be chosen to suppress non-perturbative effects (aµ0)
2 > 1− 2, but should not be very large, for finite-a effects to
be small. We test various intervals, and we choose as final results the values obtained from (aµ0)
2 ∈ [2− 5] for both
the real and imaginary part.
The final values for ZV0 corresponding to 0, 5, 10 and 15 stout smearing steps are shown in Fig. 3. We find that
the statistical uncertainties of ZV0 are much smaller as compared to those of the matrix elements, due to the use of
the momentum source method. One of the features of the renormalization functions of non-local operators is their
rapid increase as the length of the Wilson line increases. This is due to the power-law divergence of the Wilson line.
Finally, these values are used to obtain the renormalized matrix elements from the complex multiplication
hMMSΓ (P3, z, µ¯) = h
bare
Γ (P3, z) · ZMMSΓ (z, µ¯) . (18)
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FIG. 2: Real (left) and imaginary (right) part of ZMMSV0 (z, µ¯, µ0) as a function of the initial RI
′ scale. The upper (lower) panel
corresponds to z/a = 1 (z/a = 3). The dashed line corresponds to the fit of Eq. (17), and the open symbols are the extrapolated
values ZMMSV0 .
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FIG. 3: Final values of ZV0 in the MMS scheme after chiral and (aµ0)
2 extrapolation. Real and imaginary parts are shown in
the left and right panels, respectively.
V. RESULTS
In this section, we present our results using the two ensembles of gauge field configurations. The first ensemble is
smaller in volume (243×48) and reproduces a mass for the ∆ equal to m∆ = 1.59(4) GeV, i.e. around 30% heavier than
its physical value. The masses for the nucleon and pion are mN = 1.21(2) GeV and mpi = 0.36(1) GeV, respectively.
Therefore, the difference between the mass of ∆ and the sum of the nucleon and pion mass is very small. Within the
full uncertainties of the baryon masses extraction, it can correspond to either side of the decay threshold. However,
the decay is strongly suppressed and it is plausible to treat such unphysical ∆ as stable. The second ensemble has a
volume 323× 64, and corresponds to m∆ = 1.42(5) GeV and mN = 1.08(3) GeV, which is approximately 15% heavier
than in nature. The pion mass is mpi = 0.27(2) GeV, which is smaller than the mass difference between the two
baryons. Therefore, ∆ decay can occur. However, this mass difference is close to the decay threshold. Thus, similarly
to the case of our smaller-volume ensemble, the phase space allowed for nucleon-pion decay is strongly suppressed and
we assume the ∆ baryon can still be treated as stable. This is a simplification that needs to be further investigated
in the future, but its proper analysis will require a highly non-trivial extension of the quasi-distribution framework to
the case of unstable hadrons. Nevertheless, given the strong suppression of the decay at our simulation parameters,
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it is plausible to assume the ensuing effects of the decay are subleading with respect to our current statistical and
systematic precision.
Given the exploratory nature of this work for the ∆ baryon, we first test the feasibility of extracting the relevant
matrix elements using the ensemble with mpi = 360 MeV and a momentum boost of 0.54 GeV. This is presented
in Sec. V A. Following the encouraging conclusions from this ensemble, we focus on the larger-volume ensemble at
mpi = 270 MeV, to provide the main results of this work. In Sec. V B, we show the bare and renormalized matrix
elements, as well as the matching to light-cone PDFs for each momentum.
A. Small-volume ensemble at mpi = 360 MeV
The exploratory results we present here are obtained using the 243 × 48 ensemble from Tab. I, with lattice spacing
a = 0.093 fm, physical extent around 2.2 fm and a pion mass of approx. 360 MeV. Our calculation was performed
only at the smallest non-zero hadron momentum, P3 = 2pi/L ≈ 0.54 GeV. The main aim was to observe the quality
of the signal and to check the signal decay when increasing the source-sink separation, ts. However, we postpone a
more thorough investigation of excited states effects to a follow-up paper dedicated to systematic uncertainties of the
∆ PDFs. We used four values of the source-sink separation, ts = {9a, 10a, 11a, 12a} ≈ {0.84, 0.93, 1.02, 1.12} fm, with
886 measurements for the lower two ts values and 768 for the larger two. No smearing was applied to the Wilson line
entering the inserted operator.
The real and imaginary parts of the extracted matrix elements at the four values of the source-sink separation are
compared in Fig. 4. We observe that the errors increases by a factor between 1.3-1.8 when the ts is increased by one
lattice spacing. Comparison of these results may be used for investigation of excited-states contamination, within the
statistical uncertainties. We find that the real part is compatible for all ts value at all lengths of the Wilson line,
suggesting small effects from excited states. For the imaginary part, we observe convergence for the three largest
source-sink separations. The data at the lowest separation tend to have a systematically larger magnitude, suggesting
possible excited states contamination. However, the imaginary part is small for the parameters of this calculation and
hence, the precision is insufficient to draw meaningful conclusions.
B. Larger volume ensemble at mpi = 270 MeV
The main part of the work concentrates on the 323 × 64 ensemble from Tab. I, at the same lattice spacing as the
243× 48 ensemble, but with a larger volume with physical extent ∼3 fm and a lighter pion mass of approx. 270 MeV.
As discussed in Ref. [58], the sea antiquark asymmetry is expected to grow as the decay channel is approached, and
how far we are from the decay channel will depend on the momentum given to the ∆ baryon. Our results for the
dependence of the asymmetry on the injected momentum will be presented at the end of this section. We use a source-
sink separation of ts = 10a, which, based on the previous subsection, is sufficient to suppress excited states within the
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FIG. 4: The real (left) and imaginary (right) part of the bare matrix elements defined in Eq. (11) as a function of z for four
different source-sink separations.
current statistical uncertainties. However, we emphasize that further studies need to be performed for excited states
contamination, since for the present ensemble we use larger momenta and the pion mass is smaller, both of which lead
to enhanced excited states effects. Nevertheless, it is beyond the scope of the present study. The momenta we use
are the first three discrete lattice momenta at this volume, P3 = {2pi/L, 4pi/L, 6pi/L}, which correspond to approx.
{0.42, 0.83, 1.25} GeV. We aim for similar precision for all three momenta and thus, we increase statistics when the
hadron boost is increased, namely we perform 906, 8784 and 42660 measurements, respectively.
It is interesting to compare the quality of the signal for the ∆ and the nucleon. We performed such a test at
momentum P3 = 6pi/L, and we found that the ∆ is around 30% more noisy than the nucleon. This makes the study
of systematic uncertainties more challenging for the ∆ baryon. Next, we investigate the effects of applying three-
dimensional stout smearing [80] to the gauge links that enter in the Wilson line of the operator. This reduces the power
divergence in the matrix elements and makes the renormalization functions closer to their tree-level values. Moreover,
the renormalization functions are obtained with much better statistical precision when stout smearing is applied,
see Sec. IV. In Fig. 5, we show the bare matrix elements for momentum 6pi/L with 0, 5, 10 and 15 stout smearing
steps. As expected, the number of stout steps affects the values of bare matrix elements. However, the renormalized
matrix elements must be independent of the level of stout smearing, since renormalized matrix elements are related
to physical quantities. We apply the renormalization procedure described in Sec. IV calculated for each stout step,
and the renormalized matrix elements are compared in Fig. 6. We find that these matrix elements are consistent
with one another for different number (nonzero) of stout smearing iterations, thus validating that the influence of
the smearing procedure on the power divergence present in the bare matrix elements is correctly captured in the
renormalization functions. We find small deviation in the case of stout=0, which is due to systematic uncertainties
in the renormalization. In the remainder of the paper, we take results from 10 steps of stout smearing.
Another interesting study is the influence of momentum boost on the matrix elements. Clearly, it is desirable to
reach as large momentum of the hadron as possible. However, the signal-to-noise ratio decays exponentially when the
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FIG. 5: The real (left) and imaginary (right) part of the bare matrix elements for 0, 5, 10 and 15 steps of stout smearing steps.
The hadron boost is P3 = 6pi/L.
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FIG. 6: The real (left) and imaginary (right) part of the renormalized matrix elements for 0, 5, 10 and 15 steps of stout
smearing steps. The hadron boost is P3 = 6pi/L.
momentum is increased and moreover, excited states contamination may become difficult to control at large boosts.
In Fig. 7, we show bare matrix elements for the three lowest lattice momenta with 10 steps of stout smearing. We
increase the number of measurements considerably for higher values of P3, in order to keep the statistical errors similar
for all three momenta. We achieve the smallest errors for the largest boost, which is due to an almost 50-fold increase
of statistics with respect to the lowest momentum. The influence of the boost on the matrix elements is consistent
with expectations from nucleon studies – larger hadron momentum implies faster decay of the matrix elements to zero
in the real part and a more pronounced peak in the imaginary part.
To obtain quasi-PDFs corresponding to our renormalized matrix elements hren(z, P3), we perform a discrete Fourier
transform,
q˜(x, P3) =
2P3
4pi
zmax∑
−zmax
e−ixP3zhren(z, P3), (19)
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FIG. 7: The real (left) and imaginary (right) part of bare matrix elements for the three lowest lattice momenta, P3 =
2pi/L, 4pi/L, 6pi/L, with 10 steps of stout smearing.
where zmax is the maximum length of the Wilson line used in the procedure. We investigate the influence of the choice
of zmax on the results in the left panel of Fig. 8. We observe that all regions of x are rather significantly affected by
zmax. Thus, the choice of this cutoff value is delicate and indicates that further investigations are necessary. Ideally,
there should be no dependence on the value of zmax. This corresponds to a situation when both the real part and
the imaginary part of the renormalized matrix elements decay to zero at some value of |z| and remain zero for larger
lengths of the Wilson line. In practice, as can be seen in Fig. 6, the real part for 10 stout smearing iterations becomes
consistent with zero around |z|/a = 10 and becomes slightly negative for larger values of |z|, with large uncertainties.
The imaginary part decays more slowly and it is non-zero for any |z| ≤ L/2, for which we have computed the
matrix elements. Bare matrix elements are very close to zero at |z|/a = L/2. However, at large Wilson line lengths,
they are significantly enhanced by the large values of the renormalization functions. Moreover, the renormalization
functions at large z are possibly subject to non-physical effects resulting from the perturbative conversion to the
MMS scheme. In particular, we observe that the renormalization functions in this scheme have a non-vanishing
imaginary part, relatively large especially at large z. This is, clearly, a truncation effect resulting from the use of
only one-loop perturbative formulae. Also from the point of factorization of the quasi-PDF into the light-cone PDF,
large values of z should be avoided [10, 12]. With the current data, we opt for the choice of zmax/a = 10, where the
real part of renormalized matrix elements becomes zero. Nevertheless, in further studies, more advanced than our
current exploratory study, it is desirable to reduce the uncertainty related to the choice of zmax, by achieving a larger
hadron boost and minimizing truncation effects in the perturbative conversion to the MMS scheme. Additionally,
the discrete Fourier transform should be replaced by advanced reconstruction techniques, as advocated in Ref. [81].
These techniques provide a model-independent way of supplementing the lattice data, which are necessarily restricted
to finite lengths of the Wilson line and to a finite, O(10− 20), number of evaluations of the matrix elements.
In the right panel of Fig. 8, we show the quasi-PDFs from zmax/a = 10, for our three hadron boosts. We observe
rather large dependence on the particle momentum. Obviously, the finite-momentum distributions are expected to
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FIG. 8: Quasi-PDFs corresponding to our renormalized matrix elements. Left panel: the dependence on the maximum length
of the Wilson line taken in the Fourier transform, zmax, for hadron boost P3 = 6pi/L. Right panel: the dependence on the
hadron boost, for P3 = 2pi/L, 4pi/L, 6pi/L and zmax/a = 10.
depend visibly on the boost and conclusions about convergence to the infinite momentum frame can only be drawn
after the matching procedure, which we discuss below. After this procedure, we also expect that, provided the
momentum is large enough, the support of the distributions becomes close to the canonical one, x ∈ [−1, 1].
The matching procedure relies on a factorization relation between the quasi-PDF and the light-cone PDF, Eq. (3),
where the matching function C(x/y, µ/yP3) is computed in perturbation theory. This factorization holds up to power-
suppressed corrections in 1/P 23 . For the matching kernel, we use the one-loop expression introduced in Ref. [38], which
is valid for a quasi-PDF expressed in the MMS scheme and the action of which provides the light-cone distribution
expressed in the MS scheme. For completeness, we write below the final formula and for a broader discussion, we
refer to Ref. [57]:
C
(
ξ,
ξµ
xP3
)
= δ(1− ξ) + αs
2pi
CF

[
1+ξ2
1−ξ ln
ξ
ξ−1 + 1 +
3
2ξ
]
+(1)
ξ > 1,[
1+ξ2
1−ξ ln
x2P 23
ξ2µ2 (4ξ(1− ξ))− ξ(1+ξ)1−ξ
]
+(1)
0 < ξ < 1,[
− 1+ξ21−ξ ln ξξ−1 − 1 + 32(1−ξ)
]
+(1)
ξ < 0,
(20)
where the plus prescription is defined as
∫
dξ[f(ξ)]+(1)q(x/ξ, µ) =
∫
dξf(ξ) [q(x/ξ, µ)− q(x, µ)]. We also remove
O(M2/P 23 ) hadron mass corrections which were calculated in a closed form in Ref. [13].
In Fig. 9, we present the light-cone PDFs, after matching and mass corrections. The width of the band corresponds
to the statistical uncertainties. In the left panel, we illustrate how the zmax-dependence of quasi-PDFs propagates
into the light-cone frame. The matched PDFs with our choice of zmax/a = 10 are shown in the right panel, for the
three different momenta. For all momenta, the canonical support in the Bjorken-x variable is approximately restored
by the matching. We observe a significant change from P3 = 2pi/L to P3 = 4pi/L and a considerably smaller one
to P3 = 6pi/L. The dependence on the hadron boost is largely reduced with respect to the boost dependence of
quasi-PDFs (cf. the right panel of Fig. 8). Nevertheless, at this level of statistical precision, the matching cannot
account for the differences in momenta of quasi-PDFs. Therefore, as also argued above, larger momenta are needed
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FIG. 9: Matched PDFs obtained from the quasi-PDFs in Fig. 8. Left panel: the dependence on the maximum length of the
Wilson line taken in the Fourier transform, zmax, for hadron boost P3 = 6pi/L. Right panel: the dependence on the hadron
boost, for P3 = 2pi/L, 4pi/L, 6pi/L and zmax/a = 10.
to make reliable contact to the light-cone distributions. This requires significantly more computational resources than
the ones used in the present study and thus, we will address it in the future.
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FIG. 10: Comparison between the unpolarized PDF for the proton (yellow) and ∆+ baryon (green), obtained for the ensemble
at mpi = 270 MeV and momentum boost P3 = 6pi/L. The same cutoff zmax/a = 10 has been applied for both lattice results.
In Fig. 10 we show our final result for the ∆ baryon for our highest value of P3, along with the corresponding
results for the proton obtained on the same ensemble. Only statistical uncertainties are included in the bands. For
the proton, we use 1688 measurements, which explains the larger errors as compared to the ∆. We recall that despite
the fact that the pion mass is slightly smaller than the ∆− p mass difference, in our kinematical setup the ∆ baryon
is near threshold and, thus, assumed to be stable, as the decay is strongly suppressed. With this in mind, we make a
first attempt to compare our results with the prediction of Ref. [58] for the d(x)− u(x) asymmetry in the ∆+ and in
the proton. As can be seen in the negative x region of Fig. 10 (antiquark region), d(x)−u(x) is larger in the ∆+. For
better visualization, we show in Fig. 11 the asymmetry for both baryons using a logarithmic scale. It is interesting to
observe that there is an indication of increased d(x)−u(x) asymmetry for the ∆+ as compared to the proton. This is
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FIG. 11: Comparison between the d(x) − u(x) asymmetry for the proton (yellow) and ∆+ baryon (green), obtained for the
ensemble at mpi = 270 MeV and momentum boost P3 = 6pi/L. The same cutoff zmax/a = 10 has been applied for both lattice
results.
in line with what is expected according to Fig. 5 of Ref. [58], despite the oscillations in the x ' 0.1 region. However,
further investigation of systematic uncertainties is required to arrive at reliable conclusions.
VI. SUMMARY AND OUTLOOK
In this work, we performed a first lattice QCD calculation of the unpolarized isovector PDF of the ∆+ baryon using
LaMET. Our main goal was to demonstrate the feasibility of extracting the PDFs of the ∆+ with high statistical
accuracy, while the computational cost remains within reach. We considered a non-physical situation of the ∆ being
15-30% heavier than in nature, which situates it very close to the ∆→ Npi decay threshold. In such a case, the decay,
even if allowed, is strongly suppressed and one can use the existing techniques of quasi-distributions to probe the ∆
PDFs, in particular to access the d(x) − u(x) asymmetry in this hadron. The latter is one of the main motivations
for this study. As calculated in Ref. [58], the asymmetry should be larger in the ∆+ baryon than in the proton,
becoming substantial as x becomes smaller and as the ∆+ decay threshold is approached. Fig. 11, the main outcome
of our work, suggests such behavior, which is in the correct direction. To obtain reliable conclusions on the physical
mechanism behind this asymmetry, further investigations of systematic uncertainties are required.
In this work, we computed the matrix elements of quasi-PDFs at three values of the hadron boost, 0.42 GeV, 0.83
GeV and 1.25 GeV. The matrix elements were renormalized non-perturbatively using the RI′ scheme, and we used the
modified matching coefficient, which ensures the particle number conservation in the matching procedure, to convert
the quasi-PDF to the light-cone PDF in the MS scheme at µ = 2 GeV. We also subtracted the O(M2/P 23 ) hadron
mass corrections. Although the noise in the computations for the ∆ baryon was expected to be larger than for the
nucleon, we managed to show in this study that these difficulties can be overcome by standard techniques, using
reasonable computational resources. This led to an extraction of the PDFs with an accuracy comparable to the one
of the nucleon.
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Of course, our calculation needs to be improved in future work, in particular concerning possible volume and cut-off
effects, which may be fundamental to address the problem with oscillations in the x distributions which currently
permeats our results. Another direction is the investigation of other systematic uncertainties, such as excited states
effects. We plan to follow the methodology presented in Ref. [57], i.e. using three methods (plateau fits, two-state
fits and the summation method) at the largest employed hadron boost. A computation with higher values of P3
and with a setup such that the ∆+ is even closer to the piN decay channel is also one of our priorities, because
of the possible observation of the rapid rise of d(x) − u(x) in the ∆+ when compared to the nucleon as the decay
channel is approached. We note that being close to the threshold is desirable from the point of view of testing the
role of chiral symmetry according to the mechanisms of Ref. [58] and thus, this thread of work does not motivate
working at the physical pion mass. The latter could be interesting in its own right to provide statements about the
physical ∆(1232) baryon, but, as we emphasized above, would require the development of the quasi-PDF formalism
for unstable particles.
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